Abstract. In this paper, we prove that P 2 blown up at seven general points admits a conic bundle structure over P 1 and it can be embedded as (2, 2) divisor in P 1 × P 2 . Conversely, any smooth surface in the complete linear system | (2, 2) | of P 1 × P 2 is obtained by blowing up P 2 at seven points. We also show any smooth surface linearly equivalent to (2, 2) in P 1 × P 2 has at most four (−2) curves (the curve which has self intersection (−2)).
Introduction
It is well known that P 2 blown up at six general points is isomorphic to a smooth cubic in P 3 and the embedding is given by the anti-canonical divisor. Conversely, any smooth cubic of P 3 is isomorphic to P 2 blown up at six general points. Similarly, it is interesting to ask if P 2 blown up at seven general points can be embedded in a three-fold. It has been shown in [BA] that 4π * H − 2E i − 7 j=1,j =i E j is a very ample divisor of P 2 blown up at seven general points. We will show in this note that this very ample divisor gives an embedding of P 2 blown up at seven general points in P 1 × P 2 as well as in P 5 . We will also see that π * H − E i
gives the first projection to P 1 and the anti-canonical divisor gives the second projection to
Griffiths and Harris ( [GH] page 564) shown the map given by the anti-canonical divisor from P 2 blown up at seven general points to P 2 gives a double cover of P 2 . We show that the anti-canonical is the only linear system which expresses P 2 blown up at seven general points as a 2-sheeted branch cover of P 2 .
Sarkisov [S] gave the definition of conic bundle structure over a variety. A triple (V, S, π), where π : V → S is a rational map, whose generic fiber is an irreducible rational curve and S is a nonsingular variety, is called a conic bundle over the base S or simply a conic over S. In our case the morphism from P 2 blown up at seven general points admits a conic bundle structure over P 1 given by the complete linear system π * H − E i . Here, we list all the linear systems which admit conic bundle structure of P 2 blown up at seven general points over P 1 (See Theorem (4.1)). We also see, if we embedded P 2 blown up at seven general points in P 1 × P 2 , then lines of the surface are components of non irreducible fibers corresponding to the first projection i.e. the conic bundle map. (See Section [6] ).
In [S] Sarkisov shows, if (V, S, π) is a conic bundle and E = π * O V (−K V ) is a locally free sheaf of rank three on S, then V can be embedded into P(E) under which each fiber of the morphism π is rational curve of degree two in P(E). Any rational curve of degree two is a conic in some P 2 ( [H] .IV.3.) In our case E = O P 1 ⊕ O P 1 ⊕ O P 1 then P(E) = P 1 × P 2 and P 2 blown up seven "general points" is linearly equivalent to a (2, 2) divisor in P 1 × P 2 since Pic(P 1 ×P 2 ) =Z⊕Z. Conversely, we will see that any smooth surface of | (2, 2) | is isomorphic to P 2 blown up at seven points. Also there is example of smooth surfaces linearly equivalent to (2, 2) of P 1 × P 2 which is isomorphic to P 2 blown up at seven non-general points.
Here, we will see that any smooth surface S ∼ (2, 2) of P 1 × P 2 and let C be a curve in S, then C.C ≥ −2. Also, we show that there will be at most four curves in S which have self-intersection (−2).
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Notations and Definitions
We denote by P 2 the projective plane over the field C of complex numbers and P 2 r or P 2 P 1 P 2 ...Pr is described as P 2 blown up at r points P 1 , P 2 , ..., P r . Let π: P 2 r → P 2 be the blow up map, H be a hyperplane section of P 2 and E i be the exceptional curve corresponding to
Let P 1 , P 2 , ..., P r ∈ P 2 . An admissible transformation is a quadratic transformation of P 2 centered at some three of P i (call them P 1 , P 2 , P 3 ) . This gives new P 2 and new sets of r points, namely Q 1 , Q 2 , Q 3 and the image of P 4 , P 5 , ..., P r . We say P 1 , P 2 , ..., P r are in general position if no three are collinear and furthermore, after any finite sequence of admissible transformations, the new set of r points also has no three collinear. See ( [H] .V.5) for more details.
Definition 2.1. A triple (V, S, π), where π : V → S is a rational map whose generic fiber is an irreducible rational curve and S is a nonsingular variety, is called a conic bundle over the base S or simply a conic over S. For more details on the Conic bundle see [S] . In this note we define honest conic bundle.
Remark 2.4. If (V, S, π) is a honest conic over S and S ≃ P 1 then D ∼ {pt} and each fiber is reduced conic.
We replace x i = 1, y i = b i for i = 1, 2, ..., 7 and x i = 0, y i = 0 for i >7. Then we have ( b i ) 2 ≤ 7( b 1 is defined by a complete linear system. Assume that the claim is not true. Let b be a sub-linear system of the complete linear | D | which gives a conic bundle map j b : P 2 7 → P 1 . Now, we define a morphism j |D| : 
where q is a finite map between two curves. But j b has generically connected fiber so, deg(q)=1. Now, let ψ : P 
So possible values of a are 1,2,3,4,5.
But this is clear because, any curve of | D | corresponds to a line passing through P 1 in P 2 . So | D | gives a map to P 1 and generic fiber is an irreducible rational
Case II (a = 2) If a = 2, only possibilities of b i are b k j =1 where j = 1, 2, 3, 4 and others are zero. Then w.l.o.g we can consider D = 2π
because any curve of | D | corresponds to a conic in P 2 passing through P 1 , P 2 , P 3 , P 4 which are in general position.
gives a map to P 1 where generic fiber is irreducible rational
Case III(a = 3) If a = 3, then only possibilities of b i 's are b k j =1 where j = 1, 2, 3, 4, 5 and among the other two b i one is two and the other is zero. So w.l.o.g we consider D = 3π
So this D gives a map to P 1 where generic fiber is irreducible rational curve. Then
Case IV(a = 4) If a = 4, then we have 10 =
Here π is the blow up map at the points P 1 , P 2 , ..., P 7 of P 2 and L ij is strict transformation of the line joining P i and
gives map to P 1 and generic fiber is irreducible rational curve.
i=2 2E i . Now we take a quadratic transformation of P 2 with centered P 2 , P 3 , P 4 . After quadratic
Then using the Case IV we have ( P 2 7 , P 1 , 5π
Hence the result follows.
5. P 2 7 linearly equivalent to (2,2) divisor of P 1 × P 2 Theorem 5.1. P 2 blown up at seven general points is linearly equivalent to (2,2) divisor of
In the Theorem (5.1) we have seen that the divisor of Lemma (3.1) along with divisors of Case-I of Theorem (4.1) give us an embedding. Now we are interested to know whether divisors of the other cases of Theorem (4.1) along with the unique degree two map of Lemma (3.1) will give us an embedding in P 1 × P 2 or not.
Remark 5.4. Case I (7 possibilities)
. Case II (35 possibilities)
. Now take a quadratic transformation centered at P 1 , P 2 , P 3 and we will get P 2 P 1 P 2 ... 
. Case III (42 possibilities)
j=2 E P j . Now take the quadratic transformation centered at P 1 , P 2 , P 3 , we will get P 2 P 1 P 2 ...
. Now, we are in the same position as Case II and repeating the Case II, there exist R 1 , R 2 , ...R 7 ∈ P 2 such that
i=5 2E P i . Now, take the quadratic transformation centered at P 5 , P 6 , P 7 and we will get P 2 P 1 P 2 ...
. Now, we are in the same position as Case II and repeating the argument of Case II, there exist R 1 , R 2 , ..., R 7 ∈ P 2 such that π
gives an embedding. . Case V (7 possibilities)
i=2 2E P i . Now take the quadratic transformation centered at P 2 , P 3 , P 4 and we will get P 2 P 1 P 2 ...
. Now we are in the same position as Case IV and repeating the argument of Case IV, there exist R 1 , R 2 , ..., R 7 ∈ P 2 such that π
P 2 R 1 R 2 ...R 7 −→ P 2 is the blowing up map at the points R 1 , R 2 , ..., R 7 . Hence
gives an embedding. This are all possible very ample divisors of P 2 P 1 P 2 ...P 7 such that this surface can be embedded in P 1 × P 2 as (2,2) divisor.
Lines of P 2 blown up at seven general points
We know P 2 blown up at six general points has 27 lines when we see it as a cubic in P 3 embedded by the anti-canonical divisor. Also, we know that this lines are all (−1) curves. Here, we have seen P 2 blown up at seven general points can be embedded in P 5 as well as in P 1 × P 2 using the very ample divisor 4π
Note that there are 56 (−1) curves in P 2 7 ; which are • L ij = π * H − E i − E j , the strict transformation of the line in P 2 containing P i and P j , 1 ≤ i, j ≤ 7, (21 possibilities)
•G ij = π * (2H) − k =i,j E k , the strict transformation of the conic not passing through P i and P j and passing through the rest of five P k 's of P 1 , P 2 , ..., P 7 , 1 ≤ i, j ≤ 7, (21 possibilities)
, the strict transformation of the cubic passing through all the seven points and double point at P i where i = 1, 2, ..., 7, (7 possibilities).
• Exceptional curves E i , the total transformation of the points P i , i = 1, 2, ..., 7, (7 possibilities) Lemma 6.1. Any line of P 2 7 is (−1) curve.
Solving this two equations we have,
As the anti-canonical of P 2 7 is an irreducible effective divisor which gives a finite map from P 
, L 17 corresponding to the given embedding in P 5 .
So those are also lines in P 1 × P 2 . Let A 1 (P 1 × P 2 ) = Z ⊕ Z be the group of 1-cycle modulo rational equivalence, which is generated by pt×H and P 1 ×pt. Note that any curve rationally
) as a pair. So this pair will be either of the form (
Our claim is that the first situation will never occur. Let pt 2 × L 1 ⊂ P 2 7 and pt 2 × P 2 = (1, 0) be a surface in P 1 × P 2 . (2, 2).(1, 0).(1, 1) = 2 i.e intersection of P 2 7 with pt 2 × P 2 gives a degree two curve in
and we already know pt 2 × L 1 is a degree one curve. So there is another degree one curve say M which is also inside (
. So M should be another line of the pairing. Hence the claim is proved. Theorem 6.3. As defined in the Remark (5.3) , ( P 2 P 1 P 2 ...P 7 , P 1 , f ) is a honest conic bundle over P 1 .
Proof. To show ( P 2 P 1 P 2 ...P 7 , P 1 , f ) is a honest conic bundle over P 1 , we only have to show each fiber is reduced. Assume that, f has some non-reduced fiber. Let F be such non reduced fiber. Then F = 2L where L is a line in P 5 , as degree of F is two in P 5 . But F 2 = 0 implies L 2 = 0. But this will contradict the Lemma (6.1). Hence our assumption is not true. So, each fiber of f is either irreducible conic or union of two lines. Hence ( P 2 P 1 P 2 ...P 7 , P 1 , f ) is a honest conic bundle over P 1 .
Corollary 6.4. Lines of P 2 7 are components of non-irreducible fibers of the conic bundle ( P 2 P 1 P 2 ...P 7 , P 1 , f ) over P 1 .
Proof. This follows easily from Remark (6.2) and Theorem (6.3).
7. Smooth surfaces of | (2, 2) | of P 1 × P 2 As | (2, 2) | is base point free linear system, by Bertini's Theorem generic element of the linear system is smooth. The following may be well know, Theorem 7.1. Any smooth surface of | (2, 2) | of P 1 × P 2 is P 2 blown up at seven points.
Proof. Let us consider | D |=| (2, 2) |.
Here, p 1 , p 2 are two projection maps. D=p *
So by the corresponding long exact sequence of cohomologies we have
Hence the arithmetic genus of the surface D=ρ a (D)=0. So χ(O D ) = 1. We know the canonical divisor
As D is a surface we have b 0 = b 4 = 1 and
We know the irregularity of surface = q(D) =h
where Ω D is the sheaf of differentials on the surface D. We have the following exact sequence
2 Ω P 2 ) = 0 and also we have h 1 ((−2, −2) | D ) = 0. So form the long exact sequence of cohomologies corresponding to (2),
The second plurigenera of D:
So by the Castelnuovo's Rationality Criterion, [BE] , D is a rational surface. We know that every rational surface is either a blow up of P 2 or ruled surface over P 1 ( [GH] , page no.
520) Consider
We know Picard group of ruled surface over P 1 is Z ⊕ Z.
Hence our surface is a blow up of P 2 where P ic(D) = Z 8 . So D is P 2 blown up at seven
Z.E i , were E i are exceptional curves.
Remark 7.2. Note that, we have proved any smooth surface of | (2, 2) | is P 2 blown up seven points but they may not be in a general position.
Example 7.3. Let S be a smooth surface in P 1 × P 2 from the linear system | (2, 2) |, having the equation
2 ) where y 0 , y 1 are homogeneous coordinate of P 1 , x 0 , x 1 , x 2 are homogeneous coordinate of P 2 . Clearly, P 1 × [1, 1, 1] is a line in P 1 × P 2 also inside S. But in the Corollary (6.4), we have seen lines of P 2 blown up at seven general points are of the form pt × L, where L is a line in P 2 . Therefore S is P 2 blown up seven points, which are not in general position.
. Let D be any irreducible divisor of a smooth surface S and S ∼ (2, 2) in Theorem 7.4. Any smooth surface S of | (2, 2) | of P 1 × P 2 has at most four (−2) curves.
Proof. In the proof of Lemma (3.1), we have seen, any generically finite degree two map from P 2 blown up seven points to P 2 is defined by the anti canonical divisor. The second projection p 2 , from S to P 2 is generically finite degree two map, hence it is defined by the anti canonical.
Let L be a (−2) curve in S, then L.(−K S ) = 0. So the line L is contracted to a point by the morphism p 2 . Then L will be of the form P 1 × P 1 inside P 1 × P 2 . As S is (2,2) surface of P 1 × P 2 , the defining equation of S is y 2 0 F 0 (x 0 , x 1 , x 2 ) + y 2 1 F 1 (x 0 , x 1 , x 2 ) + y 0 y 1 F 2 (x 0 , x 1 , x 2 ), where y 0 , y 1 are homogeneous co-ordinate of P 1 , x 0 , x 1 , x 2 are homogeneous co-ordinate of P 2 and deg(F i (x 0 , x 1 , x 2 )) = 2, i = 0, 1, 2. Here, P 1 × P 1 ⊂ Z(y 2 0 F 0 (x 0 , x 1 , x 2 ) + y 2 1 F 1 (x 0 , x 1 , x 2 ) + y 0 y 1 F 2 (x 0 , x 1 , x 2 )) implies P 1 ∈ Z (F 0 , F 1 , F 2 ) .
Conversely, if P 1 ∈ Z(F 0 , F 1 , F 2 ), then L = P 1 × P 1 ⊂ S and L is contracted to P 1 by p 2
i.e L.(−K S ) = 0, then L.L = −2. Any −2 curve of S, which is always a line, will be of the form P 1 × P where P ∈ Z(F 0 , F 1 , F 2 ). But we know #Z(F 0 , F 1 , F 2 ) ≤ 4, as F i are degree two curves in P 2 . Hence the result is proved. 2 )) is a smooth surface which is linearly equivalent to (2,2) of P 1 × P 2 . It has four (−2) lines, which are P 1 × [1, 1, 1],
